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1. Introduction 

1.1. Definition. We say that p : A — > ]a, b[ is a 1-corona if: 

a elU{-oo}, b e 1U {oo}, 
X is a complex manifold, 

p is a strictly plurisubharmonic C°°-function defined on X and with values 
in the open interval ]a,b[ such that the sets {a < p < (3}, a < a < < b, 
are compacet. 

We say that the concave end of a 1-corona p : X — >]a, 6[ can be compactified if X 
is (biholomorphic to) an open subset of a complex space X such that, for a < c < b, 
the set (X \ X) U {a < p < c} is compact. 

The concave end of a 1-corona p : X — >]a, b[ always can be compactified if 
n := &\tciX > 3. This was proved by Rossi |Ro| and Andreotti-Siu |ASj . For n = 2 
this not true in general, as shown by a counterexample of Grauert, Andreotti-Siu 
and Rossi |AS[ IGrl IRo] . However, if the concave end of a 1-corona p : X — »]a, b[ is 
even hyperconcave (i.e. a = — oo), then this is again true also for dim A = 2. This 
was proved by Marinescu-Dinh |MDj . 

The Andreotti-Vesentini separation theorem [AV implies the following necessary 
condition: If the concave end of a 1-corona p : X — >]a, b[ can be compactified, 
dim A > 2, then if 1 (A) is Hausdorff, i.e. the space of exact Cq\ -forms is closed 
with respect to uniform convergence on compact sets together with all derivatives. 

In the present paper we show that this condition is also sufficient. We prove: 

1.2. Theorem. Let p : X — *]a, b[ be a 1-corona such that H (X) is Hausdorff, and 
let n := dim A > 2. 

Then X can be embedded to C 2n+1 . 

Hence, by the Harvey-Lawson theorem |HaLa| . the concave end of X can be 
compactified. 

1.3. Remark. In view of the counterexample of Grauert, Andreotti-Siu and Rossi 
mentioned above, theorem 11.21 shows that theorem 2 in [Ra , which states that 
iJ 1 (A) is Hausdorff for each 1-corona p : X — >]a, b[ also for dim A = 2, cannot be 
true. 

The present paper is a development of the PhD thesis of the first author [Brj , 
where the following theorem is proved: 
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I. 4. Theorem. Let p : X —*]a, b[ ba a l-corona, dmiX > 2. Assume, for some 
a < t < b, H l ({a < p < <}) is Hausdorff. Then there exists e > such that 
{t — e < p < b} can be embedded to some C N . 

Theorem 11.41 can be deduced as follows from theorem 11.21 Suppose the hy- 
potheses of theorem 11.41 are satisfied. Then, by theorem 11.21 {a < p < i] can 
be embedded to some C N . By the Harvey-Lawson theorem this implies that the 
concave end of {a < p < t} and, hence, the concave end of X can be compactified. 
By the Andreotti-Grauert theorem this further implies that H 1 (X) is Hausdorff. 
Again using theorem 1 1.2[ we conclude that X (and in particular {t — e < p < b}) 
can be embedded to some C . Note however that in |Br| a direct proof of theorem 

II. 41 is given, not using the compactification of the concave end. 

The new contribution of the present paper is the observation that if p : X — >]a, b[ 
is a l-corona such that H 1 (X) is Hausdorff, then iJ 1 ({a < p < £}) is Hausdorff 
for all a < t < b (see theorem 12.51 below) . After that we could continue as in 
[Brj to prove the following two assertions on the existence of " many" holomorphc 
functions: 

(A) The global holomorphic functions on X separate points. 

(B) For each z £ X there exist n global holomorphic functions on X which 
form a coordinate system at z. 

From (A) and (B), the claim of theorem 11.21 then follows in the same way as in 
the proof of the embedding theorem for Stein manifolds (see, e.g., theorem 5.3.6 in 

However, to prove (A) and (B) as in [Br], boundary estimates for the <9-equation 
are needed, which are well-known but nevertheless quite technical. To show that 
this is not necessary, in the present paper we give another proof using only in- 
ner estimates for the 9-equation. A similar construction can be found already in 
|HL2| (section 23), where assertions (A) and (B) are deduced from certain stronger 
hypothesis, which implies the Hausdorffness of H 1 ({p < t}) for each a < t < b. 

Aknowledgement: We want to thank Genadi Henkin for the discussions during 
the conference "Complex Analyis and Geometry" held from 23.06.08 to 29.06.08 
in Bukarest (where the second autor gave a lecture on the PhD-thesis of the first 
author). In particular, we are grateful for the hint that the methods proving the 
embedability of Stein manifolds can be applied also to non-Stein manifolds, provided 
properties (A) and (B) are already established. 

2. Each i? 1 ({ / o < t}) is Hausdorff if H 1 (X) is Hausdorff 

2.1. Definition. Let Y be a complex manifold of complex dimension n. 

Then we denote by £ p,q (Y), < p, q < n, the Frechet space of C£° g -forms on Y 
endowed with the topology of uniform convergence together with all derivatives on 
the compact subsets of Y. 

If K C Y is a compact set, then we denote by V I ^- q (Y) the subspace of £ p ' q (Y) 
which consists of the forms with support in K , endowed with the same topology. 

By T> P,9 (Y) we denote the space all C^-forms on Y with compact support, 
endowed with the Schwartz topology, i.e. the finest local convex topology such that, 
for each compact set K C Y, the embedding 2?^ g (Y") — > T> p ' q (Y) is continuous. 

Recall the following well known fact from Serre duality [L]: 
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2.2. Proposition. Let Y be a complex manifold of dimension n. Then the space 
d£°>°(Y) is closed in £°^{Y), if and only if, dV n ' n ~ 1 (Y) is closed in V n ' n (Y). 

We need also the following supplement to this (see theorem 2.7. in |LLJ): 

2.3. Proposition. Let Y be a complex manifold of dimension n. Then the space 
gr> n,n (Y) is closed in V n,n (Y), if and only if, for each compact set K C Y , the 
space V^ n (Y)C)dV n - n - 1 (Y) is closed in V^ n (Y). 

Moreover, we shall use the following result from Andreotti-Grauert theory (see, 
e.g., theorem 16.1 in [HL2] ): 

2.4. Proposition. Let p : X — >]a, b[ be a l-corona, and let a < c < b. Then each 
d-closed f G £ n,n ~ 1 (X) with f = on {c < p < b} is d-exact. 

Using these propositions, we now obtain: 

2.5. Theorem. Let p : X —*]a, b[ be a l-corona such that H 1 (X) is Hausdorff. 
Then H 1 ({p < i}) is Hausdorff for all a < t < b. 

Proof. Let a < t < b, and let K C {p < t} be a compact set. By propositions 12.21 
and EH it is sufficient to prove that the space T>% n ({p < t}) n dV 11 ^ 1 ({p < t}) 
is closed in the Frechet space Tf^f 1 ({p < £}) . 

Let a sequence f v G ^^"({p < t}) C\dT> n ' n ~ 1 ({p < i}) be given which converges 
to some / £ V^ n ({p < £}) with respect to the topology of £>^"({/9 < <}). We 
have to find w e V n ' n ~ x ({p < t}) with dw = f. 

Extending by zero, we may view /„ as forms in dT> n ' n ~ 1 (X), and / as a form in 
T> n > n (X). As H^X) is Hausdorff it follows from proposition E2] that &D n ' n - l (X) 
is closed in T> n ' n (X) with respect to the Schwartz topology. Moreover, as all /„ 
belong to dV n ' n - l (X) and the embedding T>% n (X) -> T> n ' n (X) is continuous (by 
definition of the Schwartz topology), f v converges to / with respect to the Schwartz 
topology of V n ' n (X). Hence / G dV n ' n - l (X), i.e. f = du for some u G T> n > n ~ 1 (X). 

Choose a < Sf < s'f < t with supp/ ( = KC{sf<p< s'^}. Moreover, as 
u has compact support in X, we can find a < s u < Sf < t < s' u < b such that 
suppu C {s u < p < s' u }. Then du = f = on {s'f < p}, and, since p : {s'f < p) — > 
}s'f,b{ is a l-corona, this implies by proposition 12.41 that u || s / <p j — dv for some 
v G £ n < n ~ 2 ({ s ' < p}) . Choose s'f < t' < t and a C°°-function x on A such that 
X = 1 on {t' < p} and \ = on {p < s'A. Set 

{u on {p < t'\, 

— 
u — d(x v ) on < p}- 

Then w G T>^^ p<t ,y(X) and dw = f on X. Since {s' u < p < t'} is a compact 
subset of {p < t}, this completes the proof. □ 

3. Approximation 

Here we prove the following theorem: 

3.1. Theorem. Let p : X —>]a, b[ be a l-corona such that H 1 (X) is Hausdorff, and 
let a < t < b. Then each holomorphic function defined in a neighborhood of {p < t} 
can be approximated uniformly on {p < t} by holomorphic functions defined on X. 
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We prove this by means of Grauert's bump method, similarly as in the case of 
strictly pseudoconvex manifolds (see, e.g., the proof of theorem 2.12.3 in |HLlj ). 
although, in distinction to strictly pseudoconvex manifolds, here the 9-equation 
not always can be solved. This is possible, because for the bump method only the 
Hausdorffness (and not the vanishing) of all H 1 ({p < t}j, a < t < b, is needed. 

3.2. Definition. A collection 

(p : X ->]a, b[, tp : X ->]a, b[, c , (U;zx,..., z n )j 

will be called a Grauert bump if: 

(a) p : X — f]o, b[ and tp : X —>]a,b[ are strictly pseudoconvex coronasQ such 
that {p < c] C {tp < c}; 

(b) U is a relatively compact open subset of X, and zi, . . . , z n are holomorphic 
coordinates defined in a neighborhood of U such that U is a ball with 
respect to these coordinates and p = tp in a neighborhood of X \ U. 

3.3. Lemma. Let 

[p : X ->]a, b[, tp : X ->]a, b[ , c , (J7; z x , . . . , z n fj 

be a Grauert bump. Then each holomorphic function defined in a neighborhood 
of {p < c} can be approximated uniformly on {p < c] by holomorphic functions 
defined in a neighborhood of {tp < c}. 

Proof. Let a holomorphic function / in a neighborhood of {p < c} be given. Choose 
e > so small that 

[p : X -f]o, b[, tp: X -v]a, b[ , c + e, (U;zi,..., z n fj 

is still a Grauert bump and / is holomorphic in a neighborhood of {p < c + e}. 
As U is convex with respect to the coordinates z\ , . . . , z n and the function p is 
plurisubharmonic in a neighborhood of U, the set f7 (~l {p < c + e} is polynomially 
convex with respect to z\, . . . , z n (see, e.g., theorem 4.3.2 in |Hoj or theorem 2.7.1. 
in jHLlj ). Therefore we can find a sequence of holomorphic functions u v defined 
on a neighborhood of U, which converges to / uniformly on U D {p < c + e}. 

Since p = tp in a neighborhood of X \ U, we can find a relative compact open 
subset V of U such that p = tp outside V. Choose a C°°-function x on X such 
that x = 1 m U' and % = in a neighborhood of X \ U. Setting 

I7 + XK-/) on Un{p< c + e}, 
v»=\f on (X \ U') n {tp < c + e} = (X \ U') n {p < c + e}, 

I u v on U', 

we obtain a sequence of C°°-functions v v defined in a neighborhood of {up < c + e} 
such that 

(3.1) v v converges to / uniformly on {p < c + e}, 

(3.2) dv v converges to zero in the Frechet topology of £ 0,1 [{tp < c + e}) . 

Choose t with a < t < c so close to a that U C {tp > t} = {p > t}. Since, by 
theorem 12.51 d£°'°({tp < c + e} is closed with respect to the Frechet topology of 
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£ 0,1 [{tp < c + e}J, then, by the Banach open mapping theorem, it follows from 
(|3.2j) that there exists a sequence of functions w u G £ 0,0 ({ip < c + e}) such that 

(3.3) dw v = dv v on {tp < c + e} 

(3.4) and w v converges to zero uniformly on |t<y<c+— |. 
Then, in a neighborhood of {ip < t}, 

dw u = dv v = (uu ~ f)dx = 0. 

Therefore, the functions w v are holomorphic in a neighborhood of {tp < t}. 

Since, for each sufficiently small 5 > 0, <p : {tp < t + 5} —^]a, t + S[ is a 1-corona, 
this implies that 

(3.5) sup |iu„(£)| — max 1^(^)1. 

tp(()<t v(()=t 

Indeed, by the lemma of Morse (see, e.g., proposition 0.5 in Appendix B of |HL2]), 
we may assume that ip has only non-degenerate critical points. Now first let a < 
s' < s" < t such that no critical point of <p lies on {s' < ip < s"}. Then, for s' < 
s < s" , locally, the surface {ip = s} is strictly convex with respect to appropriate 
holomorphic coordinates (as the boundary of {ip < s}). Hence, for each point 
£ G {ip < s} sufficiently close to {ip — s}, there is a smooth complex curve LCI 
such that L n {ip < s} is compact and £ £ L P\ {ip < s}, which yields 

W;,(£) < max |wj / (^)| < max |io„(£)|. 
Thcrforc: whenever a < s' < s" < t such that ip has no critical points on {s' < tp < 



s"}, then 



max |wiy(C)l = max |u>„(0l- 

s'< V (C)<s" 1 V (C)=s" 1 W| 

As the critical points of tp are isolated, now f|3. 5|) now follows by continuity. 
It remains to set 

h v = v v — w v . 

By (|3.3[) these functions h v are holomorphic on a neighborhood of {tp < c}, and by 
(|3.4p and (|3.ip . they converge to / uniformly on {p < c}. 

□ 



Theorem 13.11 now is an immediate consequence of the preceding lemma and the 
following lemma: 

3.4. Lemma. Let p : X — >]a, b[ be a strictly pseudoconvex corona, and let a < t < b. 
Then there exists a sequence 

(p, : X Ha, b[ , ipj : X ->]a, b[ , Cj , (U^z^, . . . , z&j) , j G N, 

of Grauert bumps such that 

• po — p and Co = t, 

• p j+ i = ipj for all j G N, 

• X = {JT=oi a < Pi ^ c il- 

The latter lemma follows easily from the fact that a C 2 -small pertubation of a 
strictly plurisubharmonic function is again such a function. We omit the proof, 
which is the same as in the case of a strictly pseudoconvex manifold (see, e.g., 
lemma 2.12.4 in [HLlj or lemma 12.3 in |HL2j and the subsequent remark). 
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4. Proof of theorem 11.21 

In this section p : X — >]a, b[ is a 1-corona such that H 1 {X) is Hausdorff. As 
already observed in the introduction, we only have to prove that conditions (A) and 
(B) are satisfied. To prove this, let two different points £, rj 6 X and a holomorphic 
tangential vector 9 of X at £ be given. It is sufficient to show that: 

(A') There exists a holomorphic function / on X such that /(£) ^ fiv)- 
(B') There exists a sequence of holomorphic functions g u on X such that dg v (£) 
converges to 9. 

We may assume that p(£) > p{rj). Choose a system z = (zi, . . . , z„) of holomor- 
phic coordinates defined in a neighborhood U of £ such that r; ^ J7, z(£) = and 
z(U) contains the unit ball. Let 



3„({) ^ SV(0 



be the Levi polynomial with respect to Z\, . . . , z n of p at £. As well known (see, 
e.g., |HL1| ). then we can find < e < 1/2 with 

Re F > p(£) - p + 2e\z\ 2 on {\z\ < 2e). 

It follows that 

ReF > e 3 on {p < p(£)+£ 3 } n {e < \z\ < 2e). 
Set h = e~ F on [/. Then 

h{£) = 1 and 

I'll < e~ £ * < 1 on {p < p(£) + e 3 } n {e < \z\ < 2e). 

Choose a C°°-function x ° n A] with x = 1 in a neighborhood of {|z| < e} and 
X = in a neighborhood of X \ { |z| < 2e}. Setting 

'ft"* on{|z|<2e}, 
on X\ {\z\ < 2e}, 

we obtain a sequence of C°°-functions on X with 

(4.1) fUO = 1 for all u, 

(4.2) /^(»7) = for all v and 

(4.3) df' v = h v d\ converges to zero uniformly on {p < p(£) + e 3 }. 
Moreover, let 9j be the coefficients with 9 = Y^j=i Then, setting 

'(Ej=i^i)/i on{|z|<2e}, 
onX\{|z| <2e}, 

we obtain a sequence of C°°-functions on X with 



(4.4) dg'M =f v {i)e+[Y J I = for all v and 



3=1 



(4.5) = I ^^OjZj \ df v converges to zero uniformly on {p < p(£) +e 3 }. 
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Since, by theorem 12.51 d£°'°({p < p(£) + e 3 }) is closed in the Frechet space 
£ 0,1 [{p < p(£) + e 3 }), now, by (|4.3| . (14. 5p and the Banach open mapping the- 
orem, we can find sequences g" £ £°'° ({p < p(£) + e 3 }) which converge to zero 
uniformly on {p < p(£) + e 3 /2} such that 

df" = dfl and ~3g" = dg' u for all v. 

Setting — f' v — f" and g"' — g' v — g'l we get holmorphic functions on {p < 
p(£) +e 3 } such that, by JUT]), (JOj) and (|4~4|) . 

(4.6) /"'(C) converges to 1, 

(4.7) f'J'iv) converges to and 

(4.8) dg"'(0 converges to 6. 

Proof of (A'): By and (gUJ) we can find v so large that f%(£) > 3/4 and 
f"o( 7 l) < 1/4- By theorem l3.H now we can find a holomorphic function / on X such 
that |/ - /'"I < 1/4 on {p < p(0}- As £, 77 £ {p < p(£)}, then /(^ > 1/2 > f( V ). 

Proof of (B'J: Again by theorem 13.11 we can find a sequence of holomorphic 
functions g v on X such that g u — g'l' converges to zero uniformly on {p < p(£) + 
e 3 /2}. Since £ is an inner point of {p < p(£) + £ 3 /2}, then also dg v {£) — dg'"{£) 
converges to zero. By (14.81) this implies that dg u (£_) converges to 9. 
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